Hypermultiplets and hypercomplex geometry from 6 to 3 dimensions by Rosseel, Jan & Van Proeyen, Antoine
ar
X
iv
:h
ep
-th
/0
40
51
58
v2
  2
 N
ov
 2
00
4
KUL-TF-04/14
hep-th/0405158
Hypermultiplets and hypercomplex geometry
from 6 to 3 dimensions
Jan Rosseel and Antoine Van Proeyen †
Instituut voor Theoretische Fysica, Katholieke Universiteit Leuven,
Celestijnenlaan 200D, B-3001 Leuven, Belgium.
Abstract
The formulation of hypermultiplets that has been developed for 5-dimensional matter multiplets is by di-
mensional reductions translated into the appropriate spinor language for 6 and 4 dimensions. We also treat
the theories without actions that have the geometrical structure of hypercomplex geometry. The latter is the
generalization of hyper-Ka¨hler geometry that does not require a Hermitian metric and hence corresponds
to field equations without action. The translation tables of this paper allow the direct application of super-
conformal tensor calculus for the hypermultiplets using the available Weyl multiplets in 6 and 4 dimensions.
Furthermore, the hypermultiplets in 3 dimensions that result from reduction of vector multiplets in 4 dimen-
sions are considered, leading to a superconformal formulation of the c-map and an expression for the main
geometric quantities of the hyper-Ka¨hler manifolds in the image of this map.
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1 Introduction
It has been known for a long time that hypermultiplets in theories with 8 fermionic supercharges
are related to quaternionic geometry [1], which has found various applications. In the context of the
construction of 5-dimensional supergravity-matter couplings a new formulation for hypermultiplets
has been given [2]. The starting point for this construction is the realization of the supersymmetry
algebra, rather than the invariance of a proposed action. This new point of view leads to a more
manifest geometrical formulation of the hypermultiplets. Thereby the ingredients of a hypercomplex
structure are obtained first, before a metric appears. The metric is introduced afterwards, when
in a second stage the action is considered, leading to hyper-Ka¨hler manifolds. On the physics side,
this treatment has the advantage that theories whose field equations are not necessarily derivable
from an action principle are included in this analysis. Moreover, there is a transparent way in
which supergravity couplings are obtained. A hypercomplex or hyper-Ka¨hler manifold can lead to
a supergravity theory if it allows a conformal structure, mathematically expressed as the presence of
a closed homothetic Killing vector. Such a vector allows a straightforward use of the superconformal
tensor calculus, leading to a supergravity theory as has been illustrated in [3].
It turns out that the supergravity action and corresponding geometry are completely fixed once
the rigid one is determined, and this conformal structure (closed homothetic Killing vector) is
known. The supergravity theory is obtained using superconformal tensor calculus (see for instance
[4–7]). This construction goes by coupling the hypermultiplets (or other matter multiplets) to a
multiplet containing the gauge fields of the superconformal symmetries, called the ‘Weyl multiplet’.
After gauge fixing conformal symmetries, one obtains the couplings of the matter multiplet to
Poincare´ supergravity. If multiplets with gauge fields are included, then also the couplings with
gauged isometries are obtained using the same steps. Especially for hypermultiplets, the latter
procedure will be clarified in [8].
It has been mentioned in [2] that this development is independent of the application to 5
dimensions, and could also be applied to 6 and 4 dimensions. However, this generalization is
not straightforward due to the fact that spinors are described in 6 dimensions as symplectic-Weyl
spinors, in 5 dimensions as symplectic spinors and in 4 dimensions as Majorana spinors. Therefore
the appearance of the geometric quantities differs (see for instance [9], where an analysis of rigid
hypermultiplets with action is performed in 4 dimensions, giving rise to hyper-Ka¨hler geometry). In
order to be able to use the general analysis of [2] in other dimensions, one needs a translation table.
Especially for applications of supersymmetry and supergravity in 4 dimensions such a translation
is of practical use, and on the other hand not straightforward. In this paper we will generalize the
results from [2] to 4 and 6 dimensions through dimensional reduction of the transformation rules of
the 5-dimensional theory. This will lead to connections between the different geometrical quantities
in the theories in 4, 5 and 6 dimensions. The advances made in 5-dimensional supersymmetry and
supergravity are then immediately applicable for 4 and 6 dimensions. Indeed, the superconformal
tensor calculus for 4 dimensions [10–13] and 6 dimensions [14], with especially the formulation of
the Weyl and vector multiplets that we need for this programme, has already been known for a long
time. Therefore, the formulation of the basic elements of rigid hypermultiplets in this language is
all that is needed.
In the second part of this paper we will start from the four-dimensional vector multiplet, whose
geometry (known as special geometry) is fixed by a holomorphic function of the complex scalars in
the vector multiplet. Reducing it to 3 dimensions gives again a hypermultiplet. The dimensional
reduction from four to three dimensions in supergravity gives rise to the c-map between special
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Ka¨hler geometry and quaternionic-Ka¨hler geometry. This map was first introduced in [15]. While
it is obtained in supergravity by dimensional reduction from 4 to 3 dimensions, it is obtained in
string theory by a T-duality between type IIA and type IIB strings before dimensionally reducing
both string theories from 10 to 4 dimensions. This procedure exchanges vector multiplets with
hypermultiplets and thus provides a mapping between special Ka¨hler and quaternionic-Ka¨hler
geometry. This c-map leads to the notion of ‘special quaternionic-Ka¨hler manifolds’, which are
those manifolds appearing in the image of the c-map. They are a subclass of the quaternionic-
Ka¨hler manifolds. In rigid supersymmetry a similar map has been considered in [16] by dimensional
reduction from 4 to 3 dimensions. The resulting subclass of hyper-Ka¨hler manifolds in the image
of this map has been called ‘special hyper-Ka¨hler’ manifolds1. We will reconsider this map using
the geometric formulation as first developed in 5 dimensions and using the same generalization to
other dimensions as in the first part of the paper.
In section 2 we will start from the 5-dimensional hypermultiplet. After reducing it to 4 dimen-
sions we obtain translations of the geometric quantities defining the hypercomplex geometry. Then
we will do the same analysis again for the 6-dimensional hypermultiplet. Equations of motion are
derived through closure of the supersymmetry algebra.
Section 3 starts with a summary of the dimensional reduction of the rigid supersymmetry trans-
formations of the 4-dimensional vector multiplet to 3 dimensions [16], leading to the rigid c-map
discussed above. We will use the obtained translation formulae to lift the resulting hypermultiplet
up to 5 dimensions. This facilitates the identification of the main geometrical quantities, due to
the more transparent notation in 5 dimensions. We obtain in this way general formulae for the
curvature tensors of special hyper-Ka¨hler manifolds.
2 Hypermultiplets in d = 5, 4, 6
In this section, we review hypermultiplets in 4, 5 and 6 dimensions, without assuming the existence
of an action. We start by considering the transformations of the hypermultiplet in d = 5 and 4
under rigid supersymmetry. Then we reduce the five-dimensional theory to 4 dimensions. This
allows us to relate the geometrical quantities that arise in both dimensions. Next, we lift the five-
dimensional theory up to d = 6. In this way, we are able to show that each time, the scalars describe
a hypercomplex manifold, which appears in different guises, depending on the dimension considered.
We also derive equations of motion for the fermions through closure of the supersymmetry algebra.
2.1 Hypermultiplets in d = 5
Here we review the description of hypermultiplets in five dimensions. An interesting discussion of
this can be found in [2]. For calculations with spinors we will mainly use the conventions of [17].
A system of r hypermultiplets consists of 4r real scalars qX(x), X = 1, · · · , 4r and 2r spinors
ζA(x), A = 1, · · · , 2r. In five dimensions, the spinors are subject to symplectic Majorana reality
conditions. One introduces matrices ρA
B and Ei
j, obeying
ρρ∗ = − 2r, EE∗ = − 2. (2.1)
1Observe that the c-map for rigid Ka¨hler geometry does not lead directly to the c-map for local Ka¨hler geometry.
The latter increases the dimension from n complex to n+ 1 quaternionic. The extra quaternion originates from the
dimensional reduction of pure supergravity in 4 dimensions. The map that we consider here does therefore not lead
to a hyper-Ka¨hler manifold that can be mapped to a quaternionic-Ka¨hler manifold by using superconformal tensor
calculus.
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Using these, symplectic Majorana conditions for the fermions and supersymmetry parameters can
be defined as
(ζA)∗ = αC5γ0ζBρBA, (ǫi)∗ = αC5γ0ǫjEji, (2.2)
where C5 is the charge conjugation matrix in 5 dimensions and α is an irrelevant number of modulus
1. We will always use the basis where Ei
j = εij . Indices are raised and lowered using the north-
west-south-east convention.
The supersymmetry transformations take the general form
δ(ǫ)qX = −iǫ¯iζAfXiA,
δ(ǫ)ζA =
1
2
iγµ∂µq
Xf iAX ǫi − ζBωXBA(δ(ǫ)qX ). (2.3)
Here, fXiA(q), f
iA
X (q) and ωXB
A(q) are arbitrary functions of the scalars. Due to reality of the
scalars and the symplectic Majorana conditions for the fermions, they satisfy the following reality
conditions
(f iAX )
∗ = f jBX Ej
iρB
A, (ωXA
B)∗ = (ρ−1ωXρ)A
B . (2.4)
In order that the commutator of 2 supersymmetry transformations gives a translation, one has to
impose
f iAY f
X
iA = δ
X
Y , f
iA
X f
X
jB = δ
i
jδ
A
B ,
DY fXiB ≡ ∂Y fXiB − ωY BAfXiA + ΓZY XfZiB = 0, (2.5)
where Γ is an object symmetric in its lower indices. Note that fXiA and f
iA
X are each others inverse
and that they are covariantly constant with connections Γ and ω. These are the only conditions on
the target space that follow from imposing closure of the supersymmetry transformations. There
are no further geometrical constraints from the commutator of 2 supersymmetries on the fermions.
In this respect, this commutator will rather define equations of motion for the hypermultiplet.
Geometry. The geometry of the target space is a hypercomplex manifold. In fact it is a weak-
ened form of hyper-Ka¨hler geometry, where no Hermitian covariantly constant metric is defined.
The basic object for defining these manifolds is a triplet of complex structures, the hypercomplex
structure
~JX
Y ≡ −if iAX ~σijfYjA. (2.6)
These structures are covariantly constant and satisfy the quaternion algebra. The statement for
arbitrary 3-vectors ~α and ~β,
~α · ~J ~β · ~J = − 4r~α · ~β +
(
~α× ~β
)
· ~J. (2.7)
We adopt the following definitions for the curvature tensors of the Γ and ω connections:
RXY Z
W ≡ 2∂[XΓY ]ZW + 2ΓV [XWΓY ]ZV , (2.8)
RXY BA ≡ 2∂[XωY ]BA + 2ω[X|C|AωY ]BC . (2.9)
The integrability conditions on the vielbeins f iAX relate the curvature tensors RXY Z
W and RXY BA:
RXY Z
W = fWiAf
iB
Z RXY BA, δijRXY BA = f iAW fZjBRXY ZW . (2.10)
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Using cyclicity properties of the Riemann tensor, one can also obtain
fXCif
Y
jDRXY BA = −12εijWCDBA,
WCDB
A ≡ f iXC fYiDRXY BA = 12f iXC fYiDfZjBfAjW RXY ZW . (2.11)
This tensor W is symmetric in its 3 lower indices.
Dynamics. After calculating the commutator of 2 supersymmetries on the fermions, one notes
that the algebra does not close. Demanding that non-closure terms vanish leads to equations of
motion for the fermions:
ΓA = γaDaζA + 12WCDBAζB ζ¯DζC = 0, (2.12)
where the covariant derivative is given by
DµζA ≡ ∂µζA + (∂µqX)ζBωXBA. (2.13)
So one sees that imposing the supersymmetry algebra on the scalars leads to defining the hyper-
complex geometry, while closure on the fermions leads to equations of motion for these fermions.
Projection to supergravity. A closed homothetic Killing vector is a vector kX satisfying
DY kX = d− 2
2
δY
X =
3
2
δY
X . (2.14)
This induces a conformal symmetry, where e.g. the dilatations with parameter λD act on the
hypermultiplet scalar as
δD(λD)q
X = λD
(
xµ∂µq
X + kX
)
. (2.15)
The vector kX and the 3 vectors kY ~JY
X define 4 scalars that form a quaternion. After gauge-fixing
the superconformal symmetry using the Weyl multiplet, this quaternion is gauge-fixed, together
with its fermionic partner, such that a supergravity theory coupled to hypermultiplets remains.
Clearly the hypermultiplet sector has one less quaternionic dimension in the supergravity theory
than in the corresponding rigid supersymmetry theory that was its starting point. This is analysed
in detail in [8].
2.2 Hypermultiplets in d = 4
Superconformal hypermultiplets in four dimensions were discussed in [9]. We will review the su-
persymmetry transformations and the resulting hypercomplex geometry and equations of motion.
The main difference with the 5-dimensional case lies in the reality conditions that one imposes on
the fermions. Whereas in five dimensions one is obliged to impose symplectic Majorana conditions,
in four dimensions one has Majorana spinors. Moreover, one can write the Majorana spinors as
chiral spinors. So a system of r hypermultiplets will now consist of 4r real scalars qX , and 2r spinors
ζ α¯ with positive chirality and 2r spinors ζα with negative chirality. By complex conjugation, the
indices α and α¯ are interchanged, so we have indeed a system of 2r Majorana spinors. The chirality
of the 4-dimensional supersymmetry parameters is indicated by the position of the SU(2)-index
ǫ˜i = γ5ǫ˜
i, ǫ˜i = −γ5ǫ˜i. (2.16)
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The general form of the supersymmetry transformations is then
δ(ǫ˜)qX = γXiα¯¯˜ǫ
i
ζ α¯ + γ¯Xiα ¯˜ǫiζ
α,
δ(ǫ˜)ζα = V αXiγ
µ∂µq
X ǫ˜i − δ(ǫ˜)qXΓXαβζβ,
δ(ǫ˜)ζ α¯ = V¯ iα¯X γ
µ∂µq
X ǫ˜i − δ(ǫ˜)qX Γ¯Xα¯β¯ζ β¯. (2.17)
Again the coefficients γXiα¯, V
α
Xi and ΓX
α
β are functions of the scalars q
X . Their complex conjugates
are
γ¯Xiα =
(
γXiα¯
)∗
, V¯ iα¯X = (V
α
Xi)
∗ , Γ¯X
α¯
β¯ = (ΓX
α
β)
∗ . (2.18)
Note that complex conjugation raises or lowers here the indices i, j, while indices α are replaced by
α¯. Demanding that the commutator of 2 supersymmetries on the scalars gives a translation, leads
to the restrictions
γXiα¯V¯
jα¯
Y + γ¯
Xj
α V
α
Y i = δ
j
i δ
X
Y ,
V¯ iα¯X γ
X
jβ¯
= δijδ
α¯
β¯
. (2.19)
The first condition is also known as the Clifford condition. The second condition expresses the
invertibility of the vielbeins. Demanding closure of the superalgebra leads to the following relations:
∂Y γ
X
iα¯ + ΓY Z
XγZiα¯ − γXiβ¯ΓY β¯ α¯ = 0,
∂Y γ¯
Xi
α + ΓY Z
X γ¯Ziα − γ¯Xiβ ΓY βα = 0. (2.20)
Again the ΓXY
Z are symmetric in the lower indices (XY ). So we see that the vielbeins γ (or γ¯) are
covariantly constant with respect to connections ΓX
α
β (or Γ¯X
α¯
β¯) and ΓXY
Z . Again these are the
only conditions implied by supersymmetry on the target space. They imply that the manifold is
hypercomplex. Closure of the supersymmetry algebra on the fermions leads to equations of motion.
One can define a matrix ρ:
ραβ¯ ≡ 12εijV αXiγXjβ¯, (2.21)
that is subject to the following conditions:
ραβ¯ρ
β¯
γ = −δαγ , γ¯Xiα ραβ¯εij = γXjβ¯, εijραβ¯V¯ jβ¯X = V αXi. (2.22)
The last two equations are reality conditions for the γ and V coefficients. In this respect, this matrix
ρ is similar to that used in (2.2), and satisfies the same relation (2.1). However, in 4 dimensions the
complex conjugation of the vielbein coefficients is defined in (2.18), and ρ is defined by (2.21) while
in 5 dimensions the vielbeins and their complex conjugates are in the same tensors f iAX related by
ρ as in (2.4).2
The discussion in [9] implied the existence of an action and thus a metric for the target space.
The resulting geometry was that of a hyper-Ka¨hler manifold. Here we will no longer demand the
existence of an action. We expect to find again the hypercomplex manifold discussed in the previous
section. Again, we expect to find a triplet of complex structures ~J that satisfies the quaternion
2This difference is relevant when comparing the calculation of commutators on scalars between 4 and 5 dimensions.
Note that the result (2.5) is already obtained from the commutator on the scalars in 5 dimensions, while in 4
dimensions we need the commutators on scalars and fermions to arrive at (2.19). The difference is that the reality
relation (2.4) follows from the properties of symplectic Majorana spinors in 5 dimensions. The analogous relation in
4 dimensions is only derived after the further steps explained above.
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algebra (2.7). One can also calculate the necessary curvature tensors. The integrability condition
on the vielbeins now leads to
RXY V
Z γ¯V iβ V
γ
jZ = δ
i
jRXY γβ,
RXY V
ZγV
iβ¯
V¯ jγ¯Z = δ
j
iRXY γ¯β¯, (2.23)
where the curvature tensors are defined in a way similar to that in five dimensions.
The curvature tensors are dependent on a conformal tensor W , which we also introduced in the
5-dimensional case. It determines both RXY αβ and RXY ZW . It can be defined by
Wγδ
α
β ≡ 14εij γ¯Xjγ γ¯Y iδ RXY αβ = 18εij γ¯Xjγ γ¯Y iδ γ¯V kβ V αkZRXY V Z . (2.24)
(We take normalizations such that it is the dimensional reduction of the definition that we have in
5 dimensions, see below.) The tensor is symmetric in the 3 lower indices, as follows from cyclicity
properties of the Riemann tensor. One can also define this tensor with α¯-indices instead of α-indices
by multiplication with ρκα¯. For instance
Wα¯β
γ
δ =Wκβ
γ
δρ
κ
α¯ = −14γXiα¯γ¯Y iβ RXY γδ. (2.25)
As in the five-dimensional case, calculating the commutator of 2 supersymmetry transformations
on the fermions leads to non-closure terms, corresponding to dynamical equations for these fermions.
One obtains
γµDµζα + 12Wγ¯δαβζ γ¯ ζ¯δζβ = 0. (2.26)
The covariant derivative is given by
Dµζα = ∂µζα + (∂µqX)ΓXαβζβ. (2.27)
2.3 Dimensional reduction from 5 to 4 dimensions
In this section, we perform the process of dimensional reduction in order to obtain the 4-dimensional
theory from the 5-dimensional one. We first give a brief sketch of how this procedure works. Then
we apply this to obtain relations between the geometrical quantities appearing in both dimensions.
Finally, we show how these relations lead to translations of the constraints defining the hypercom-
plex geometry in the different dimensions. This will allow us to conclude that indeed the same
geometrical relations appear, but in different guises.
2.3.1 Some notes on the reduction
In order to perform the reduction, we will suppose that the fields are independent of the fifth
spacetime coordinate. We also have a set of five γ-matrices. In four dimensions, we will use the
first four of these matrices to form the four-dimensional Clifford algebra. The fifth γ-matrix will
be used to form projection operators PL =
1
2 (1 + γ5) and PR =
1
2(1 − γ5), allowing us to split 4-
dimensional spinors into chiral spinors. In 5 dimensions the spinors ζA(x) are subject to symplectic
Majorana conditions, while in 4 dimensions we assume Majorana reality conditions for the fermion
fields. The reduction can be obtained by taking the following identification between the 5- and
4-dimensional spinors:
√
2ζ α¯ = 12(1 + γ5)ζ
A,√
2ζα = 12(1− γ5)ζBρBA. (2.28)
7
Note that we use here a special notation where the value of A is the same as that of α or in other
cases of α¯ (complex conjugate). We still keep the different index notation, as that will make it
clear whether the object is a quantity that appears in 5 dimensions or in 4 dimensions. Note that
the four-dimensional charge conjugation matrix is given by C4 = C5γ5. A similar identification as
in (2.28) applies to the supersymmetry parameters
√
2ǫ˜i = 12(1 + γ5)ǫ
i,√
2ǫ˜i =
1
2(1− γ5)ǫjEj i. (2.29)
2.3.2 Connections between 5- and 4-dimensional quantities
The scalars qX of the 4 and 5-dimensional hypermultiplets are trivially identified, and reducing the
supersymmetry transformation laws according to the above rules, we can relate the geometrical
quantities appearing in the 4 and 5-dimensional theories. We obtain the following translation
formulae between the vielbeins appearing in the supersymmetry transformation rules in the different
dimensions considered:
fXiA =
i
2
γXiα¯ =
i
2
ρβα¯γ¯
Xj
β εji. (2.30)
For the inverse vielbeins we get
f iAX = −2iV¯ iα¯X = 2iεkiρα¯βV βXk. (2.31)
We can also relate the spin connections in the 4 and 5-dimensional formalism
Γ¯X
α¯
β¯ = ωXB
A, ΓX
δ
γ = (ρ
−1ωXρ)C
D. (2.32)
The reality conditions of the different quantities of the five-dimensional theory are consistent with
those of the quantities of the 4-dimensional formalism. Thus, we have obtained the necessary
relations between the fundamental quantities defining the hypermultiplet.
2.3.3 Reduction of geometrical quantities
In this section, we will apply the previously derived formulae to relate the geometrical constraints
and quantities in the different languages. By using the identifications (2.30) and (2.31) in the equa-
tion f iAX f
X
jB = δ
i
jδ
A
B , one obtains the second condition in (2.19). By using the same vielbein iden-
tifications and the first relation of (2.5) one can get the Clifford condition of the four-dimensional
theory. Indeed, first for i = j, using the obtained identifications, we get
γXiα¯V¯
iα¯
Y + γ¯
Xi
α V
α
Y i = f
X
iAf
iA
Y + f
X
lBf
lB
Y = 2δ
X
Y . (2.33)
Considering the same condition with i 6= j gives
γXiα¯V¯
jα¯
Y + γ¯
Xj
α V
α
Y i = f
jA
Y f
X
iA − f jBY fXiB, (2.34)
as expected. It is also easy to see that the covariant constancy of the vielbeins in the four-
dimensional formalism is just the translation of the covariant constancy of the vielbeins in the
five-dimensional theory.
From the identifications (2.32) for the spin connections, it follows directly that the definition
of RXY α¯β¯ is the translation of the definition of RXY BA. Using the vielbein identifications, one
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also obtains (2.23) by translating (2.10). One can also show that the curvature tensor RXY αβ
corresponds to the spin curvature of the 5-dimensional formalism in the following way:
RXY βα = (ρ−1RXY ρ)AB . (2.35)
Note that in five dimensions
(RXY AB)∗ = (ρ−1RXY ρ)AB. (2.36)
Hence, we have
RXY AB = RXY β¯α¯. (2.37)
As mentioned already, the matrix ρ defined in (2.21) is related to the ρ-matrix, used in five dimen-
sions to define the symplectic Majorana conditions. It turns out that
ρB
A = ραβ¯, (ρB
A)∗ = ρα¯β. (2.38)
In this way, one can obtain the conditions (2.22) by translating the reality conditions for the
vielbeins in 5 dimensions (2.4).
As mentioned, the scalars qX of the 4- and 5-dimensional hypermultiplets are identified. Bosonic
quantities as the complex structures can therefore be straightforwardly identified too. The expres-
sions in terms of frame-dependent quantities as in (2.6) are, however, different. The translation of
the latter into the 4-dimensional formalism gives
~JX
Y = −iV¯ jα¯X ~σj iγYiα¯. (2.39)
The conformal tensor W as defined in (2.24) is the translation of the five-dimensional W -tensor
WABC
D =Wα¯β¯
δ¯
γ¯ . (2.40)
The translation of the holomorphic W -tensor (with α-indices) can be obtained by multiplication
with ρκα¯, see (2.25).
It is useful to see that this translation suggests a simplification in the formulation of hypermul-
tiplets in 4 dimensions. Indeed, it turns out that we can restrict ourselves to the quantities with
only α¯ indices, and no α-indices to describe the full geometry. This α¯ index is identified with the
A index of the formulation in 5 dimensions. The basic relation is only the second line of (2.19).
The objects with α indices are defined as the complex conjugates, see (2.18), and satisfy as in 5
dimensions the reality constraint (2.22). This is e.g. sufficient to derive the first line of (2.19). The
objects with α-indices are useful for writing fermions with negative chirality, but as the latter are
related to the positive-chirality components by the Majorana condition, they are not independent.
2.4 Hypermultiplets in 6 dimensions
In this section, we will obtain a theory of hypermultiplets in d = 6, starting from the 5-dimensional
theory. Again, special attention goes to the geometry that arises in these theories. We start
by giving some comments about the dimensional reduction. Next, we argue that the constraints
implied by supersymmetry on the target space are the same as in 5 dimensions. Finally, equations
of motion are derived, without assuming the existence of an action.
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2.4.1 Comments on uplifting from 5 to 6 dimensions
In 5 dimensions, a Clifford algebra of γ-matrices can be represented by 4 × 4-matrices. In six
dimensions, one now has 6 Γ-matrices, which are 8 × 8-matrices. By using the 5-dimensional
γ-matrices, one can construct the following representation of the 6-dimensional Clifford algebra.
Γ0 =
(
γ0 0
0 γ0
)
, Γ1 =
(
γ1 0
0 γ1
)
, Γ2 =
(
γ2 0
0 γ2
)
,
Γ3 =
(
γ3 0
0 γ3
)
, Γ5 =
(
0 γ5
γ5 0
)
, Γ6 =
(
0 −iγ5
iγ5 0
)
. (2.41)
One can also define a matrix Γ∗:
Γ∗ = Γ0Γ1Γ2Γ3Γ5Γ6 =
(
γ5 0
0 −γ5
)
. (2.42)
This matrix anticommutes with the other Γ-matrices.
One can also define a charge conjugation matrix C6 in terms of C5:
C6 =
(
0 C5
C5 0
)
. (2.43)
In six dimensions, spinors also obey symplectic Majorana reality conditions. Therefore, identifica-
tions between the 5- and 6-dimensional spinors are simpler than in the previous case3. We take a
basis in which γ5 is diagonal [γ5 = diag(1, 1,−1,−1)]. The spinors are mapped as follows:
ζA =


ζA1
ζA2
ζA3
ζA4

 → ζ˜A = 12(1 + Γ∗)ζ˜A =


ζA1
ζA2
0
0
0
0
ζA3
ζA4


,
ǫi =


ǫi1
ǫi2
ǫi3
ǫi4

 → ǫ˜i = 12(1− Γ∗) ǫ˜i =


0
0
ǫi3
ǫi4
ǫi1
ǫi2
0
0


, (2.44)
where the tilde denotes the six-dimensional spinors, which are chiral (or antichiral).
3We use again ǫ˜, ζ˜ to denote six-dimensional quantities, like in the four-dimensional discussion. As we will not
directly link 6- and 4-dimensional quantities, we hope that this will not lead to confusion.
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The six-dimensional reality conditions are consistent with the five-dimensional ones, due to the
choice of the antisymmetric charge conjugation matrix. One can then take the following supersym-
metry transformation rules for the six-dimensional hypermultiplet:
δ(ǫ˜)qX = −i¯ǫ˜iζ˜AfXiA,
δ(ǫ˜)ζ˜A = 12 iΓ
a∂aq
Xf iAX ǫ˜
jεji − ζ˜BωXBA(δ(ǫ˜)qX). (2.45)
One immediately sees that one can take the vielbeins to be the same functions of the scalars as in
d = 5. The identification between the vielbeins and spin connections in the 5- and 6-dimensional
formalism is thus very simple.
2.4.2 Geometrical aspects
The fact that the identifications between vielbeins and spin connections are trivial shows that
the geometrical relations of the 5-dimensional formulation should also hold in the 6-dimensional
formulation. Indeed, one can calculate the commutator of 2 supersymmetry transformations on
the scalars and make sure that it gives a translation and closes. The conclusions are the same as
in the 5-dimensional case. The vielbeins obey the constraints (2.5). As in the five-dimensional
case, these are the only restrictions on the target space of the scalars, coming from imposing
the supersymmetry algebra. One can take the same definition (2.6) for the complex structures.
Integrability conditions on the vielbeins and cyclicity properties of the Riemann tensor lead to the
same curvature relations (2.10) and conclusions about the tensor W (2.11). Again one obtains a
hypercomplex manifold.
2.4.3 Dynamical aspects
As already mentioned, the commutator of 2 supersymmetries on the fermions does not lead to new
geometrical restrictions. Non-closure terms will lead to equations of motion in the geometry. The
calculation is simpler than in the 5-dimensional case, due to the chirality of the spinors. We get
[δ(ǫ˜1), δ(ǫ˜2)]ζ˜
A = 12
¯˜ǫ2Γ
aǫ˜1∂aζ˜A − 14ΓaΓ˜A¯˜ǫ2Γaǫ˜1. (2.46)
The function Γ˜A we introduced is given by
Γ˜A = ΓaDaζ˜A + 12WCDBAζ˜B
¯˜ζ
D
ζ˜C . (2.47)
This function Γ˜A prevents the algebra from closing. Therefore we again obtain the equations of
motion Γ˜A = 0.
3 From vector multiplet to hypermultiplet
As explained in the introduction, we will now consider how rigid Ka¨hler manifolds in 4-dimensional
theories give rise to hyper-Ka¨hler manifolds upon dimensional reduction.
We start from the four-dimensional vector multiplet. The geometry associated with the scalars
in this model is known as special geometry. Rigid special geometry was first introduced in [18,19].
Its ingredients are summarized in subsection 3.1. In subsection 3.2 the dimensional reduction of
this model to 3 dimensions, giving rise to a hypermultiplet [16] with the associated hyper-Ka¨hler
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geometry, is reviewed. In subsection 3.3 we obtain this geometry in the language that we used before
in 5 (or in 6) dimensions. This is the most symmetric way to describe hypercomplex geometry. We
can thus obtain curvature tensors andW -tensors for special hyper-Ka¨hler manifolds. The geometry
of the vector multiplet is characterized by a holomorphic function F (X). In this way, we calculate
curvature tensors of special hyper-Ka¨hler manifolds in terms of this function.
3.1 The N = 2, d = 4 vector multiplet
The four-dimensional vector multiplet consists of a complex scalar X, a vector Aµ and a fermion
field Ωi. The fermion field carries a chiral SU(2) index i = 1, 2. We take the convention that
spinors with a lower index have positive chirality, while spinors with an upper index have negative
chirality. The supersymmetric Lagrangian for n vector multiplets can be written in terms of a
holomorphic function F (X). The arguments XI (I = 1, · · · , n) refer to the complex scalar fields of
the n vector multiplets. We restrict our attention to Abelian vector multiplets, as the non-Abelian
part does not modify the geometry. The Lagrangian is a trivial truncation from that written for
superconformal tensor calculus in [13]:
LF = i∂µFI∂µX¯I + 14 iFIJF−Iµν F−J µν + iFIJ Ω¯Ii /DΩiJ
−18 iFIJY IijY ij J + 14 iFIJKY ij IΩ¯Ji ΩKj
−18 iFIJKεijΩ¯Ii γµνρF−JµνρΩKj + 112 iFIJKLεijεkℓΩ¯IiΩJℓ Ω¯Kj ΩLk + h.c. (3.1)
FI1···Ik denotes the kth derivative of F . The Hermitian conjugate is taken by complex conjugation
on the bosonic quantities, raising or lowering the i, j indices on the spinor Ω and replacing anti-
self-dual with self-dual tensors
F±Iµν = 12
(
FIµν ∓ 12 iεµνρσFρσ I
)
, FIµν = 2∂[µAIν]. (3.2)
The complex scalars XI parametrize an n-dimensional target space with metric
gIJ¯ = NIJ ≡ −iFIJ + iF¯IJ , N IJ ≡ [N−1]IJ . (3.3)
This is a Ka¨hler space as one can derive the metric from a Ka¨hler potential
gIJ¯ =
∂2K(X, X¯)
∂XI∂X¯J
, K(X, X¯) = iXI F¯I(X¯)− iX¯IFI(X). (3.4)
This geometry is known as rigid special Ka¨hler geometry.
The supersymmetry transformations for the vector multiplet are
δXI = ¯˜ǫiΩIi ,
δAIµ = ε
ij¯˜ǫiγµΩ
I
j + εij¯˜ǫ
iγµΩ
jI ,
δΩIi + Γ
I
JKδX
JΩKi = 2/∂X
I ǫ˜i − 12 iεijγµν ǫ˜jN IJG−µνJ + 12 iN IJ F¯JKLΩ¯kKΩℓLεikεjℓǫ˜j , (3.5)
with G−µνI an anti-self-dual tensor defined as
G−µνI = iNIJF−Jµν − 14FIJKΩ¯Ji σµνΩKj εij . (3.6)
As in section 2.2, supersymmetry parameters ǫ˜i and ǫ˜i have respectively positive and negative
chirality.
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3.2 Reduction to d = 3
In this section, we pursue by reviewing the reduction to 3 spacetime dimensions. A complete
discussion can be found in [16]. In reducing, the complex scalar XI loses its dependence from the
fourth spacetime coordinate. An extra scalar AI from the µ = 3 component of the vector appears in
the model. One also obtains a three-dimensional vector. However, in 3 dimensions vectors are dual
to scalars. This scalar can be brought into the model by use of a Lagrange multiplier. One adds a
Lagrange multiplier term BIε
µνρ∂µF
I
νρ to the Lagrangian, in order to impose the Bianchi identity.
Integrating the field strengths, one has introduced the extra scalar BI in the Lagrangian. In the
case of n vector multiplets, we thus obtain 4n real scalars in the reduction process. The resulting
geometry is that of a hyper-Ka¨hler manifold, i.e. the restriction of the hypercomplex manifolds
considered in section 2 to manifolds with a suitable metric. As we work here with a Lagrangian,
its kinetic terms of the scalars guarantee that such a metric exists.
Reducing the spinors gets somewhat more complicated. In four dimensions the spinors are
Majorana spinors with four components. In the reduction process, each spinor will split up into
2 spinors with 2 components. However we would like to keep on working with spinors with four
components. We will take the following representation of the 3-dimensional Clifford algebra
γµ = γµ(4)γ˜, (µ = 0, 1, 2), (3.7)
in which γµ(4) are the four-dimensional γ-matrices. The matrices γ
µ are an alternative set of 4× 4
matrices satisfying the three-dimensional Clifford algebra and commuting with the remaining γ3.
The matrix γ˜ contains the unused four-dimensional γ-matrices and is defined as
γ˜ ≡ −iγ3γ5, (3.8)
where γ3 = γ3(4), γ
5 = γ5(4). The three-dimensional charge conjugation matrix C3 is given by
C3 = C4γ˜. (3.9)
The reduced Lagrangian can be found in [16]. Keeping only the kinetic terms of the scalars we
obtain
L = i(∂µFI∂µX¯I − ∂µF¯ I∂µXI)
−N IJ(∂µBI − FIK∂µAK)(∂µBJ − F¯JM∂µAM ) + · · · . (3.10)
One can also reduce the supersymmetry transformations. This leads to
δXI = −i¯ǫ˜iγ3ΩIi ,
δAI = iεij¯˜ǫiΩ
I
j − iεij¯˜ǫiΩjI ,
δBI = iFIJε
ij¯˜ǫiΩ
J
j − iF¯IJεij¯˜ǫiΩjJ ,
δΩIi = 2iγ
µ∂µX
Iγ3ǫ˜i + 2N
IJ(γµ∂µBJ − F¯JKγµ∂µAK)εij ǫ˜j
+iN IJδFJKΩ
K
i −N IJ F¯JKLNKM(δBM − FMNδAN )εijγ3ΩLj,
δΩIi = −2iγµ∂µX¯Iγ3ǫ˜i + 2N IJ(γµ∂µBJ − FJKγµ∂µAK)εij ǫ˜j
−iN IJδF¯JKΩKi −N IJFJKLNKM(δBM − F¯MNδAN )εijγ3ΩLj . (3.11)
Note that we keep the fermion fields in their original four-dimensional form. They are doublets of
1
2(1±γ5) projections of four-dimensional Majorana spinors. However, the definition of the conjugate
of a spinor has been modified according to the explained rules.
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3.3 Back to d = 5
In this section, we will lift the supersymmetry transformation rules for the 3-dimensional hyper-
multiplet up to 5 dimensions. In this way, we are able to write down the corresponding geometrical
quantities, associated with the hyper-Ka¨hler geometry, such as the vielbeins and the spin connec-
tions in this specific case.
We use the following identification for the spinors in order to find transformation rules that are
consistent with those of the five-dimensional hypermultiplet:
ζ1I = γ3Ω
1I +Ω2I , ζ2I = ΩI2 − γ3ΩI1, (3.12)
where we used ζ to denote the five-dimensional spinors. For the supersymmetry parameters, we
can give an analogous identification
ǫ1 = γ3ǫ˜1 + ǫ˜2, ǫ
2 = ǫ˜2 − γ3ǫ˜1, (3.13)
where we used ǫ to denote the five-dimensional parameters. Using the fact that C3 = C4γ˜ = iC5γ3,
we can obtain the following transformation rules for the scalars:
δxI =
1
2
ǫ¯2ζ2I − 1
2
ǫ¯1ζ1I ,
δyI = − i
2
ǫ¯2ζ2I − i
2
ǫ¯1ζ1I ,
δAI = −ǫ¯1ζ2I − ǫ¯2ζ1I ,
δBI = −FIJ ǫ¯1ζ2J − F¯IJ ǫ¯2ζ1J , (3.14)
where xI = ReXI and yI = ImXI .
3.4 Some geometrical quantities
Now that we have reduced the supersymmetry transformations to five dimensions, we can compare
these rules with the general transformation rules for a five-dimensional hypermultiplet. In this
way, we can extract the necessary quantities that characterize the hyper-Ka¨hler geometry. We are
especially interested in determining the vielbeins and spin connections.
We first compare the transformations (3.14) with the general transformation rules (2.3). Re-
member that the general index A is here represented by a combination iI, with i = 1, 2 and
I = 1, . . . n. The vielbeins are
f1 1I = idxI + dyI
f1 2I = N IJ
(
dBJ − F¯JKdAK
)
f2 1I = N IJ
(
−dBJ + FJKdAK
)
f2 2I = −idxI + dyI . (3.15)
We present the inverse vierbeins, which take a simpler form as a matrix whose rows represent the
components 

xI
yI
AI
BI

 , (3.16)
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and the columns the (iA) values (1 1J), (1 2J), (2 1J) and (2 2J):
fXiA =


− i2δIJ 0 0 i2δIJ
1
2δ
I
J 0 0
1
2δ
I
J
0 −iδIJ −iδIJ 0
0 −iFIJ −iF¯IJ 0


. (3.17)
We can also obtain the spin connection as matrix in the basis A = (1I), (2I) (for the rows),
B = (1J), (2J) (for the columns)
ωXA
BdqX =

 NJKF¯IKM
(
idxM + dyM
)
NJKF¯IKLN
LM
(
−dBM + FMNdAN
)
NJKFIKLN
LM
(
dBM − F¯MNdAN
)
NJKFIKM
(
−idxM + dyM
)

 .
(3.18)
We now have all the necessary information. The metric can be read off from the Lagrangian (3.10)
gXY dq
XdqY = NIJdx
IdxJ +NIJdy
IdyJ + 14NIJdA
IdAJ
+N IJ
(
dBI − ReFIKdAK
) (
dBJ − ReFJLdAL
)
. (3.19)
Using this metric, one can calculate the Levi-Civita connection. Since we are dealing with a hyper-
Ka¨hler manifold, this connection coincides with the Obata connection (i.e. the connection defined
on hypercomplex manifolds that leaves the complex structures invariant). The complex structures
can also be calculated. In a basis where the rows and the columns are represented by (3.16), they
are:
J1 =


0 0 0 −NIJ
0 0 −2δJI −2ReFIJ
−NJLReFLI 12δJI 0 0
N IJ 0 0 0

 , (3.20)
J2 =


0 0 −2δJI −2ReFIJ
0 0 0 NIJ
1
2δ
J
I N
JLReFLI 0 0
0 −N IJ 0 0

 , (3.21)
J3 =


0 δJI 0 0
−δJI 0 0 0
0 0 2NJLReFLI 2Re(FILN
LKF¯KJ)
0 0 −2N IJ −2N IK ReFJK

 . (3.22)
Since we are working with a hyper-Ka¨hler manifold, we can also define a fermion metric
CCD =
1
2ε
ijfXiCgXY f
Y
jD, (3.23)
which results here in
CiI jJ = εijNIJ . (3.24)
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3.5 The W -tensor
The tensor WABCD with the last index lowered using the metric (3.24) is symmetric. It can be
calculated using the curvature relations (2.11). The result can be represented using arbitrary
symplectic vectors AA = AiI :
WABCDA
AABACAD = −3VIN IJVJ − iA1IA1JA1KA1LF¯IJKL + iA2IA2JA2KA2LFIJKL
VI ≡ F¯IKLA1KA1L + FIKLA2KA2L (3.25)
Using relations (2.10) and (2.11), it is clear that the W -tensor determines the other curvature
tensors using the vielbeins that were obtained in the previous section.
Therefore, this formula contains the full description of the geometry of the special hyper-Ka¨hler
manifolds. Moreover this tensor also contains the information about the dynamical properties of
the system, since it appears explicitly in the equations of motion for the fermions (see (2.12)). The
equations of motion for the scalars can be derived from those for the fermions by application of a
supersymmetry transformation.
4 Conclusions
In the first part of this paper (section 2), we made the connection between formulations of hy-
permultiplets in 4, 5 and 6 dimensions. We showed how the same geometrical relations appear
in different settings and that these are equivalent by giving explicit translation formulae. Thus,
this connects different formulations of the geometry of hypercomplex manifolds, appropriate for
supersymmetry in different dimensions. We did not assume the existence of an action. This possi-
bility was already shown in the five-dimensional case in [2] through closure of the supersymmetry
algebra, and is hereby extended to 4 and 6 dimensions. In every case, we were able to link the
vielbeins, appearing in the supersymmetry transformation rules, with the five-dimensional ones. In
each dimension we have also obtained equations of motion through closure of the supersymmetry
algebra.
In the second part of this paper (section 3), we have further investigated the dimensional
reduction of the rigid four-dimensional vector multiplet to 3 dimensions as performed in [16].
Connecting also the 3-dimensional to the 5-dimensional formulation, simplifies identifications of
geometric quantities. As the special geometry of 4 dimensions is fixed by the holomorphic function
F (X) we obtain the curvatures and invariant tensors of a subclass of hyper-Ka¨hler manifolds also in
terms of this function. This subclass are the ‘special hyper-Ka¨hler’ manifolds. We obtain all results
in a uniform language such that the general analysis of properties of hypercomplex manifolds that
was made in appendix B of [2] can be applied. In particular we obtain the W -tensor of special
hyper-Ka¨hler manifolds.
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